Symmetry or topology protected Dirac fermion states in two and three dimensions constitute novel quantum systems that exhibit exotic physical phenomena [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16].
INTRODUCTION
With the explosion of research interest on 2D Dirac electronic states realized in graphene and surfaces of 3D topological insulators (TI) [1] [2] [3] [4] , a new research front that focus on the Dirac electronic phases of matter in three dimensions has emerged. In a 3D bulk Dirac semimetal phase, the bulk conduction and valence bands only touch at discrete locations in a 3D bulk Brillouin zone (BZ) and disperse nearly linearly along all three momentum space directions, making it a natural hypercone analog of graphene. Although such materials are known previously, recent interest is actually focused on spin-orbit based 3D bulk Dirac semimetal phase since the spin-orbit coupling can drive exotic topological phenomena and quantum transport in such materials as the Weyl phases, high temperature linear quantum magnetoresistance and topological magnetic phases [5] [6] [7] [8] [9] [10] [11] . Spin-orbit based 3D Dirac materials are actually quite rare. The strongly spin-orbit coupled 3D bulk Dirac semimetal phase is predicted [8] and experimentally achieved in the topological phase transition (TPT) between a conventional insulator and a 3D topological insulator, such as in BiTl(S 1−δ Se δ ) 2 and (Bi 1−δ In δ ) 2 Se 3 systems [17, 18] . However, fine-tuning of the chemical doping/alloying composition is difficult to control, which is very sensitive to chemical synthesis conditions.
More importantly, in this approach, the 3D bulk Dirac cone and the 2D nontrivial surface states (SSs) cannot coexist, because the 3D bulk Dirac cone only occurs at the critical point of the TPT, whereas the 2D nontrivial surface states only occur at the inverted side of the transition [8] .
Recent theoretical advances have provided another, more exotic, route to realizing the spin-orbit 3D Dirac semimetal via additional symmetry protection [9] [10] [11] . In this scenario, the system usually has an inverted spin-orbit bulk band structure similar to a TI. However, interestingly, spin-orbit coupling cannot open up a bulk energy gap at some special momentum-space locations in the bulk BZ due to the protection ensured by certain crystalline space group symmetries [9] , and the bulk Dirac band touching is therefore preserved without the requirement of fine tuning to the TPT critical point. Following the theoretical proposals, photoemission experiments have studied the (001)* [19] surface electronic structure in Cd 3 As 2 (see, preprints [20, 21] ) and (see, preprints Na 3 Bi [22] ). Although in both materials a single bulk Dirac cone locating at the surface BZ center has been identified [20] [21] [22] , the most exciting physics in these systems, including the presence of bulk Dirac multiplet (multiple bulk Dirac cones), their Lifshitz transition and saddle point singularities, as well as the potential spin-momentum locked nontrivial surface (2D) state arcs that are predicted to nestle between the two bulk Dirac cones [10] , have not been experimentally observed and studied. In this article, we experimentally discover these novel properties in spin-orbit bulk 3D Dirac material Na 3 Bi by systematically studying the electronic structure at a carefully prepared non-natural cleavage surface (100). Using angle-resolved photoemission spectroscopy (ARPES), we observe two bulk 3D Dirac nodes on the opposite sides of the bulk BZ center. Our data shows that these two bulk Dirac cones exhibit a Fermi surface Lifshitz transition and a saddle point singularity, opening the door for inducing electronic instability and correlated physics phenomena in bulk Dirac semimetals. We further show some evidence for the possible existence of theoretically predicted weak 2D nontrivial spin-orbit surface state with helical spin polarization that is nestled between the two bulk Dirac cones, consistent with the theoretically calculated (100) surface-arc-modes. Our experimental results identify the first real example of a novel Dirac-cone-multiplet electronic structure featuring saddle point singularity, with additional signature for nontrivial surface states, which provides a fertile and rich playground for many exotic topological states and phenomena, such as quantum anomalous Hall effect [5, 12] , axion electrodynamics [13] , Weyl topological charges [6, 7, 10, 11] and superconductors [16] to be engineered.
RESULTS

Na 3
Bi is a semimetal that crystalizes in the hexagonal P 6 3 /mmc crystal structure with a = 5.448Å and c = 9.655Å [23] (a −1 /c −1 ≃ 1.8), as shown in Fig. 1a . It is a layered structure consisting of a honeycomb atomic plane where the Na and Bi atoms are situated on the A and B sites respectively, sandwiched by two layers of Na atoms arranged in a triangular fashion (Figs. 1b-c) . The single crystals are extremely air-sensitive and are found to degrade in air within seconds. Our first principles bulk band calculations (Fig.   1e ) show that its lowest bulk conduction and valence bands are composed of Bi 6p x,y,z and Na 3s orbitals [10] . These two bands possess a bulk band inversion of about ∼ 0.3 eV at the bulk BZ center Γ [10] . Due to the protection of an additional three-fold rotational symmetry along the [001] crystalline direction, two bulk Dirac nodes are predicted to exist as shown by the blue crosses in Fig. 1d . However, it is important to notice that these two 5 bulk Dirac nodes locate along the A-Γ-A [001] direction. Therefore, if one study the (001) surface electronic structure, as done in previous experiments [22] , the two bulk Dirac nodes, as well as the possible nontrivial spin-orbit surface states (due to bulk inversion at Γ) will all be projected to the same location in in-plane momentum (the surface BZ centerΓ) and energy (Fermi level E F ) space, as shown by the (001) slab calculation in Fig. 1f, making it difficult to separate, isolate, and systematically study them via spectroscopic methods.
We overcome this obstacle by studying another crystalline surface, namely the (100) plane.
As shown in Fig. 1g , along the [100] direction, the two bulk Dirac cones and the surface states are projected onto different momentum-space locations, thus making it possible to study this exotic electronic structure (here we followed Ref. [10] and call the surface states in Na 3 Bi as nontrivial surface state arcs rather than topological surface states, because a topological Z 2 order strictly requires a full bulk energy gap). In light of the above arguments, we systematically study the (100) electronic structure of Na 3 Bi. The three dimensional band dispersion presented in Fig. 1h outlines our experimental results. Even at the first glance one recognizes two important features. First, the two Dirac nodes that are separated in the momentum space are clearly visible (see also Fig. 2a) . Second, the dispersive pattern of one of the cones is linear along both k x and k y , which unambiguously establishes its Dirac semimetallic nature. These results endorse the critical importance of studying the (100) surface instead of the (001) natural cleavage plane in Na 3 Bi. Fig. 2 shows the energy-momentum dispersion of the two bulk Dirac cones in the vicinity of the Γ point. One should keep in mind that it is not easy to achieve a well defined band dispersion pattern due to technical difficulties in preparing these extremely air-sensitive samples. Fig. 2a presents the ARPES constant energy maps. The length ratio between the long and short edge of the surface BZ (yellow boxes) is measured to be about 1.
consistent with a (100) cleaving surface. We observe rare rectangular-like Fermi surfaces in the rectangular-shaped surface BZ at the Na 3 Bi (100) surface, making the studies on this side surface more interesting. At the Fermi level, the ARPES intensity is mostly located at two k-space locations, equally spaced but on opposite sides of the zone center. A slight Fermi velocities of the Na 3 Bi Dirac cone measured at the (001) surface [22] . The asymmetric cone shape seen from Cut 3 at higher binding energies is due to the fact that the right cone reaches the Fermi level at this cutting location, while the left cone only evolves to a finite binding energy before E F .
In Fig. 3 we study the out-of-plane [100] band dispersion along the third k-space direction (k z ) by varying the incident photon energies of the synchrotron radiation. Fig. 3a shows ARPES constant energy maps covering a k-space region of −0.4Å
which corresponds to a photon energy range of 40 eV < hν < 76 eV. As illustrated in Fig. 3b, because the sample is cleaved in situ on the (100) surface, k z corresponds to the [100] direction in the k-space, which is parallel to the a crystallographic direction. From both band calculations and previous ARPES results, we have v
. Thus we expect the constant energy maps to demonstrate an enlarging, circular-like band contour. From Since the two bulk Dirac cones are located very close to one another in the momentum space, they inevitably touch and hybridize with each other, giving rise to a topological change 7 in the band contours, also known as a Lifshitz transition in the electronic structure. Because the two cones locate at the A-Γ-A axis, one needs to view the bands from a side surface of the crystal, e.g. the (100) surface, in order to reveal such intriguing band evolution.
With samples prepared on the (001) surface, detailed study of this novel property would be extremely challenging, if not impossible, since in that surface both cones project onto the zone center without a k separation [22] . Fig. 4 demonstrates our systematic ARPES investigation on the Lifshitz transition as well as the associated saddle point band structure. anomalous increase of local density of state (DOS) is observed by integrating the ARPES intensity around the saddle point, consistent with local DOS maximum in saddle point type of van Hove singularity in three-dimensions. We emphasize here that our observation of bulk Dirac multiplet, their Lifshitz transition and saddle point singularity is made possible thanks to our choice of the (100) cleavage surface. Although the two cone structure is theoretically visible also from the (001) termination (in this case we scan k z to view the two cones), the k ⊥ resolution in ARPES is usually substantially lower than that along the in-plane directions.
This is because in ARPES, the in-plane k-space is mapped by only changing the sample normal angle with respect to the detector, whereas the out-of-plane k-direction is scanned by varying photon energy, which usually changes other conditions such as the photoemission cross-section of each band and the photoemission matrix element (e.g. compare Fig. 2b (k ) with Fig. 3c (k ⊥ ) ). These effects render the observation of the two separated cones very difficult (these cones are separated by a mere 0.2Å −1 apart), and hinder the in depth study of the Lifshitz transition and saddle point singularity. In Fig. 4c we compare and contrast the Lifshitz transition observed here with that observed in the surface states of a topological crystalline insulator Pb 0.7 Sn 0.3 Se. In the n-typed sample of Pb 0.7 Sn 0.3 Se, the two surface
Dirac cones hybridizes at E B = 23 and 96 meV, signified also by saddle point singularities that are reported from ARPES as well as STM studies. The critical difference between these two cases is that for Na 3 Bi, bulk Dirac quasiparticles, instead of the surface Dirac electron gas in the case of TCI [25] , merge and hybridize.
Having established the existence of a pair of bulk Dirac cones in Na 3 Bi, in Fig. 5 we search for signatures of possible nontrivial surface states inspired by the theoretical prediction of the 0.3 eV bulk band inversion at Γ. In Fig. 5a we show again the Fermi surface of Na 3 Bi at the (100) surface termination. Besides the two bulk Dirac nodes we discussed in length before, the most important observation here is the extra ARPES intensity in between the two nodes (i.e., right at theΓ point). This curious intensity are found to be "nestled" between the two bulk Dirac cones, like the handle of a dumbbell, and importantly, it does not show up in our bulk calculations (Fig. 1e) and is in agreement with the theoretical Fermi surface from our slab calculations (Fig. 5b) . This state is even more clearly visualized at E B = 100 meV, at which the bulk bands are observed to be two unconnected pockets (this is naturally so because E B = 100 meV is above the Lifshitz transition at 144 meV). Furthermore, two additional curves (guided by the green dotted line) are observed to connect the two bulk pockets, which is consistent with the nontrivial surface state Fermi arcs predicted in Ref.
[10]. Better resolving the detailed electronic structure of the surface Fermi arcs will require n−doping to the surface, in order to study the constant energy contour at an energy wellabove the surface Dirac point (surface upper Dirac band) so that the surface states span in a wider range in the k-space. Our data support the existence of surface Fermi arcs in Na 3 Bi, which indicates exotic surface electrical and spin transport behaviors. To further investigate the origin of thisΓ electronic state, in Fig. 5c we present three typical ARPES k-E maps cutting across the tip of the two bulk cones (Cuts 1 and 3) and theΓ point (Cut 2 5e ) the ARPES result is overlayed with lines that indicate the bulk and surface as guides to the eye. From this panel we see that the bulk bands are M-shaped and comes to a local minimum at theΓ point. This is a signature of spin-orbit hybridization as well as inversion of the conduction and valence bands [17] . Furthermore, it is clear from this panel that the smallΓ state does not correspond to any of the bulk bands. This result is nicely reproduced in our slab calculations along the same directions as Cut 1 and Cut 2 (Fig. 5d ). These observations serve as strong evidence that theΓ state is a surface-arc electronic structure and is a result of the single bulk band inversion at Γ. ARPES results are in good agreement with the theoretical calculation along these three cuts.
In light of the above argument that the smallΓ state should be a SS, we wish to study the texture of its spin polarization, similar to what we previously presented for the well studied topological insulators [3] . Since the SS exists in a very small range in energy and momentum, it is hard to resolve the k-space anisotropy of its spin polarization at the (100) surface, considering the limited k and E resolution of spin-resolved ARPES. Instead, we solve this problem by measuring its spin polarization at (001), the natural cleavage plane of Na 3 Bi. Along the (001) surface, the two bulk Dirac cones, as well as the surface Dirac cone, are expected to all project onto the sameΓ point, and their Dirac crossings are predicted to be degenerated at the Fermi energy. In other words, the SSs are expected to disperse along the outer boundary of the 3D bulk Dirac cone energy-momentum continuum. Figs. 1f,g show the theoretically calculated single surface state at surface BZ centerΓ (Γ) at the (001) and (100) surfaces, both of which are a result of the same bulk band inversion at the bulk BZ center Γ. The left panel of Fig. 5f shows the spin integrated ARPES dispersion at (001) surface along the [100] direction, in which we indeed see a linearly-dispersive cone feature with the Dirac point at the Fermi level. Besides the spin polarization, one important experimental conclusion is that we now also establish that the linear dispersion nature along the [100] direction, which therefore conclusively identifies the 3D Dirac nature of the bulk cones in Na 3 Bi. This is uniquely enabled by our careful method of studying both the (100) and (001) surfaces. Now we present the results of our spin polarization measurements at the 10 (001) surface. Two momenta on the opposite sides of the Dirac node at k 1 = −0.1Å −1 and k 2 = +0.02Å −1 are selected (see dotted lines in Fig. 5f ) for spin-resolved measurements.
In the two right panels of Fig. 5f , clear imbalance of tangential spin polarization is detected on opposite sides of theΓ point, with a maximum of ∼ 15% spin polarization, which is smaller than that observed in the SSs of a regular TI such as Bi 2 Se 3 . This is intuitive because the SSs overlap with the bulk 3D cone in k-space at the (001) surface, and therefore its spin polarization is reduced because they are surface resonance states [24] . The helical spin texture observed here provide strong evidence for the nontrivial nature of the surface states we observed in Na 3 Bi, consistent with the predicted band inversion at the bulk BZ center. In summary, in Fig. 5 we provide two pieces of strong experimental evidence for the existence of 2D nontrivial surface states in the surfaces of Na 3 Bi. These evidence are the observation of (1) a low energy electronic state consistent with the theoretically calculated nontrivial surface state Fermi arc electronic structure, and (2) helical spin polarization at another surface termination but resulted from the same bulk band inversion at the bulk BZ center Γ (same topological origin). Both evidence demonstrate the existence of nontrivial surface states as a result of the predicted band inversion at Γ.
DISCUSSION
We discuss the emergent topological and quantum phenomena enabled by our experimental discovery. Saddle point singularities in 2D Dirac electron gas has been extensively studied. For example, striking Hofstadter's butterfly spectrum and fractional quantum Hall effect have been experimentally observed in twisted graphene systems due to the saddle point singularity in its Dirac band structure [14, 15] . Moreover, formation of multiple 2D
Dirac nodes has been identified in the surface states of topological crystalline insulators (Fig. 4c) [25] , which enriches such physics in 2D by adding a topological interplay. In three-dimensions, Lifshitz transitions have been observed in high-T c copper and iron based superconductors [28, 29] , which are believed to be the keys to giving rise to their unconventional superconductivity [27] [28] [29] . However, these superconductors lack strong spin-orbit coupling, which is critical for realization of topological physics. Here, our observation of bulk Dirac multiplet realizes the first Lifshitz transition and saddle point singularity in a strongly spin-orbit coupled 3D Dirac material. For van Hove singularity (VHS) in three-dimensions, the DOS itself is usually not divergent (although its derivative is). A divergence in DOS can be reached if a system or a particular low energy band is quasi-2D, like the case in the VHS in high-T c superconductors [27, 28] . In Na 3 Bi, the magnitude of the DOS peak at Lifshitz transition energy can be effectively tuned by changing interlayer coupling strength, possibly reaching divergence in the very weak coupling limit (e.g. by substituting
Na to K, Rb, or Li). This is particularly so since detailed theoretical analysis [10] shows that one branch of the 3D Dirac cone in Na 3 Bi is composed of in-plane Bi p x , p y orbitals, indicating a fairly weak (quasi-2D) interlayer coupling along c−axis. In the very-weak interlayer coupling limit, appropriate doping or gating that moves the chemical potential to the Lifshitz transition energy in Na 3 Bi may lead to various exotic phenomena such as unconventional superconductivity [28] or magnetism in the bulk [30] , or even fractional topological phenomena. Furthermore, interaction can be enhanced by introducing additional symmetry breaking dopings even if the quasi-2D limit is perfected achieved. Another exciting aspect of Na 3 Bi is that our experimental data provide evidence supporting surface state Fermi arc structures with helical spin polarization. For example, in surface electrical transport experiments at high magnetic field, it is interesting to study how the SS electrons wind around the constant energy arc-contour. Also, if superconductivity can be induced by bulk doping in Na 3 Bi, then the surface state superconductivity can be topologically nontrivial leading to Majorana modes [26] , whereas the bulk superconductivity in two 3D Dirac cones may potentially host interesting finite-momentum Cooper-pairing state [31] . On the other hand, breaking time-reversal symmetry (via doping magnetic impurities) or breaking inversion symmetry (certain adiabatic crystal distortion) can split each bulk Dirac node in Na 3 Bi to two spin polarized Weyl nodes, realizing a topological Weyl semimetal. Furthermore, magnetic doping in Na 3 Bi that breaks time-reversal symmetry can test whether the surface states are indeed of (Z 2 ) topological origin as a result of the single bulk inversion at Γ [32] .
In summary, we uncover the novel electronic and spin structure in Na 3 Bi by studying its non-natural-cleavage (100) crystalline surface. We discover the first known bulk material featuring the Lifshitz transition singularity in 3D-Dirac-cone-multiplet electronic structure, additionally with the evidence of 2D nontrivial spin-orbit surface states nestled in between the bulk Dirac cones. The exotic Dirac physics highlighted here can be further tuned in high quality nano-structured samples in future works. 
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First principles calculation methods: The first-principles calculations are based on the generalized gradient approximation (GGA) [35] using the full-potential projected augmented wave method [36] as implemented in the VASP package [37] . Experimental lattice parameters are adopted from Ref. 23 . The electronic structure of bulk Na 3 Bi are calculated using a 9 × 5 × 5 Monkhorst-Pack k-mesh over the BZ with the inclusion of spinorbit coupling. In order to simulate surface effect, we use 14 × 1 × 1 and 1 × 1 × 7 supercell for two different terminations (100) and (001), respectively, with vacuum thickness larger than 20Å. 9 × 5 and 5 × 5 k-mesh are used for (100) and (001) termination, respectively. 
